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Abstract 
This paper presents the results of eigenstrain analysis in non-uniformly shaped shot-peened 17-4PH stainless steel samples. The 
finite element models are established for inverse eigenstrain analysis of slices and bulk conical samples. It is shown that the 
elastic strain distributions and relief are directly related to peening intensity and sample shape/thickness via the underlying 
permanent strain, or eigenstrain. Thus, the effect of the peening treatment is best described in terms of the induced eigenstrain. 
The proposed framework for predictive modelling of residual stresses in non-uniformly shaped shot-peened materials allows 
efficient reconstruction of complete residual stress state, and provides an excellent basis for developing predictive tools for in 
service performance and design optimization. 
© 2009 Elsevier B.V. All rights reserved 
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1. Introduction 
Shot peening is an important surface treatment method applied to metallic components to improve the resistance 
to crack initiation and propagation, enhancing service performance under fatigue loading and stress corrosion 
conditions [1-3]. During the process, multiple progressive impact of a stream of shot particles on the surface leads to 
incremental local plastic deformation in the surface layers, while the layers below are not plastically deformed. A 
number of publications have focused on establishing the complex relationship between the residual stress state 
arising in relation to material properties, shot size, hardness, speed and angle of impact, and also the thickness of the 
workpiece [1-5]. Considerable improvement in the understanding of shot-peening effects can be attained if plastic 
strain profiles (eigenstrains) are considered, rather than residual stresses [1].  
However, the relationship between the shot-peen-induced plastic strain distribution and the thickness/shape of a 
peened sample is still not well established, particularly for samples of complex non-uniform shape. It was shown 
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from bending analysis that residual stresses depend on the geometry and thickness of a sample, while experimental 
studies show that plastic strain distributions are a function of peening intensity, not of the thickness [2].  
Figure 1 shows the sample geometry. The samples were “pencil-shaped”, i.e. 10mm diameter cylinders with the 
end tapered to a cone with the half-angle of 15.5º, and a tip rounded to a radius of 0.75mm. A recent study [3] of the 
near surface residual stresses in shot peened samples of this shape (both axial slices and bulk samples) showed that 
the elastic strain distributions and relaxations are related to peening intensity and sample shape/thickness. Here we 
present the results of FE eigenstrain analysis of this sample geometry. The reconstructed elastic strains from the FE 
model are compared with the experimental results in bulk samples treated by shot peening to intensity 16A.  
2. Eigenstrain analysis 
The term eigenstrain and the notation *ε  were introduced by Toshio Mura [6] to indicate any permanent strain 
arising in the material due to some inelastic process such as plastic deformation, crystallographic transformation, 
thermal expansion mismatch between different parts of an assembly, etc. It accounts for all permanent strains that 
arise in the material exhibiting inelastic behaviour. In the small strain approximation, the additive decomposition of 
the total strain can be expressed via the sum of elastic strain and eigenstrain parts, 
*εεε += etotal          (1) 
where eε  is elastic strain, and eigenstrain thpl εεε +=
*
, with plε  the plastic strain and thε  the thermal strain.  
Distributions of eigenstrains embedded in the workpiece are responsible for the residual stresses observed 
experimentally. In fact, the consideration of Saint-Venant strain compatibility equations and the process of elastic 
equilibration demonstrates readily that residual stresses arise in a solid body if and only if an incompatible 
distribution of eigenstrains is present [7-8]. Both conceptually and mathematically it is convenient to consider 
eigenstrain as the source of residual stresses. Using a known eigenstrain field to deduce the residual elastic strain 
(and stress) field is the direct problem of eigenstrain analysis. The inverse problem of eigenstrain analysis concerns 
using the knowledge of residual elastic strains (or stresses) at a number of measurement points to retrieve the 
underlying source eigenstrain field. For the eigenstrain analysis of non-uniformly shaped shot-peened samples, the 
inverse eigenstrain analysis was carried out based on synchrotron X-ray diffraction residual strain measurements [3]. 
Frameworks for inverse eigenstrain analysis proposed in [9-10] make use of a robust and efficient least squares 
approach to the determination of unknown eigenstrain distributions from residual elastic strains measured at a finite 
number of experimental points [11-12]. The unknown coefficients can be found by least squares matching between 
the prediction and the residual elastic strains measured experimentally, following the procedure described in detail 
in the literature [12].  
3. Modelling of the slice from a shot-peened conical sample 
We note from the previous experimental study that residual stress distributions depend on the geometry and 
thickness of the conical shot-peened samples under same peening intensity. However, we note also that a hypothesis 
could be made that the eigenstrain distribution might be the same along the entire peened surface. Hence, the 
experimentally measured residual elastic strain component parallel to the surface (the most important component 
that is close to axial direction) from different locations with respect to the cone tip were used together (merged) to 
obtain best least squares matching over the entire peened area. The putative eigenstrain profile was extracted from 
each line measurement by subtracting the measured profile from its far field linear part [1]. The averaged strain 
distributions appeared to be close to a combination of a Gaussian and a parabola – a description that may be useful 
because of its compactness and ease of use. However, for the purposes of detailed inverse problem analysis, a more 
flexible numeric description was introduced, whereby the variation of the unknown eigenstrain distribution in depth 
below the surface was represented as a superposition of localised triangular basis functions, ( )xiξ  (Figure 1) that 
allows continuous piecewise-linear representation of arbitrary distributions. The formulation has the form 
( ) ( )xcx i
N
i
iξε ¦
=
=
1
*
         (2) 
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where ( )xiξ  corresponds to the triangular pulse basis function, and ic  denotes the unknown coefficients.  
 
Fig. 1. Illustration of the triangular pulse basis function representation vs depth below the peened surface 
Figure 2 shows the measured and reconstructed elastic strain distributions within the axial slice from the conical 
sample. Distributions in the middle and bottom regions in the sample show good agreement with the experimental 
results, whilst slight mismatch can be found in the near surface at the top region on which high strains are focused.  
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Fig. 2. Contour plot of the elastic strain and comparison with experimental results:  
(a) section A, (b) section B, (c) section C, and (d) a view of the complete model of the slice 
4. Modelling of the shot-peened conical bulk sample 
One of the central postulates of eigenstrain analysis is that eigenstrain distributions remain unchanged even if the 
sample is cut, provided no additional plastic deformation is introduced in the process. Based on this assumption, the 
eigenstrain distribution found from the inversion of the slice experimental data described above were introduced into 
the FE model for the conical bulk sample. Figure 3 shows the distributions of eigenstrain and elastic strains deduced 
from the FE model (virtual sections through 3D sample). While the same depth variation of eigenstrain is applied in 
the entire peened area, the resulting residual stress variation is complex, with higher stresses arising in the near tip 
region due to the sample geometry. The results of the model are post-processed to extract the strain values averaged 
over the gauge volumes irradiated in the synchrotron X-ray diffraction experiments. It is found that experimental 
and reconstructed profiles agree well, apart from a small discrepancy in the near surface region. 
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Fig. 3. (a) Contour plot of the eigenstrain and elastic strain, and (b) comparison with experimental results  
at 3mm from the tip within the shot-peened conical bulk sample 
5. Conclusion 
The inverse eigenstrain method was used to analyse the strains/stresses in non-uniformly shaped shot-peened 
samples. Two models corresponding to the slice and the bulk conical sample were employed. The slice model was 
used to apply the inverse eigenstrain methodology and to determine the unknown eigenstrain variation. The same 
variation was then applied to the 3D model to generate the residual stress state, and validated by comparison with 
the results of diffraction measurements. It was found from the comparison between experimental and reconstructed 
profiles that residual strains agreed well in most of the sample, with minor mismatch in the near surface region close 
to the cone tip. The reasons for this discrepancy are being investigated.  
It is concluded that, within the limits of accuracy imposed by the strain evaluation and beam positioning, optimal 
interpretation is obtained by assuming that the eigenstrain distribution induced by peening is fully determined by the 
peening conditions. This allows efficient reconstruction of the complete residual stress state, and provides an 
excellent basis for developing predictive tools for in service performance and design optimization. 
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